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Abstract 
Here we consider the dynamic fracture of metals in solid and liquid states as a non-equilibrium phase transition, consisting in 
nucleation and growth of spherical vapor cavities. Nucleation rate is obtained from probability of corresponding thermal 
fluctuations; it accounts the work against surface tension and the presence of weakened defective areas in solids. Governing 
equations for cavity growth are also written out; they account viscosity for liquid and the elastic-plastic properties for solid. The 
metal undergoing fracture is a two-phase medium consisting of condensed and vapor phases. The resulting model is physically 
based and demands a minimum of fitting parameters; meanwhile it describes existing experimental and molecular dynamics 
results in wide range of strain rate and temperature. The model allows calculating of the tensile strength of melts and solids as 
well as characteristic size of fragments. It can be applied to the problem of intensive electron or laser irradiation of metals. 
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of 
Structural Engineering. 
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1. Introduction 
Intensive ultra-short irradiation, electron or laser, causes almost isochoric heating of substance and generates 
strong stresses in it (Dudarev et al., 2011; Inogamov et al., 2013). Release of these stresses produces powerful 
tension of the material near irradiated and back surfaces of target due to the stress wave reflection. The tension leads 
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to fracture and fragmentation, which can take place in the solid state of substance, cold or heated, as well as in the 
liquid state near the irradiated surface at sufficient level of absorbed energy. Theoretical description of the dynamic 
fracture under described conditions is an important part of whole model of the substance behavior under intensive 
irradiation, on the one hand. On the other hand, it is a significant test for fracture models because it requires 
accounting of many factors, such as enhanced temperature, complicated history of loading, etc. 
Dynamic fracture of liquid and solid metals is considered here from viewpoint of a unified approach: as a non-
equilibrium phase transition through formation, growth and coalescence of spherical vapor cavities. Specific features 
are viscous growth of cavities in liquid and plasticity-controlled growth of cavities in solid. 
 
Nomenclature 
, ,ix t N  Cartesian coordinates, time and dimension of problem correspondently 
iv  components of mixture velocity 
, ikP S  pressure and stress deviators (the last one is accounted only in the solid carrying agent) 
c, d subscripts identifying carrying agent and disperse phase correspondently 
v, l, s subscripts identifying vapor, liquid and solid phase correspondently 
tr subscript identifying the phase which mass is increasing 
U  true density 
D  volume fraction 
,U T  internal energy and temperature correspondently 
N  heat conductivity coefficient 
w  growth rate of dispersed phase volume per unit mixture volume 
J  growth rate of the dispersed phase mass per unit mixture volume 
Q  heat exchange power per unit mixture volume 
D  energy release function 
 j  subscript identifying generation of cavities 
R  radius of cavities 
,V V'  surface tension coefficient and its standard deviation in defective areas (for solids) 
K  viscosity of melt 
3  rate of cavities nucleation per unit mixture volume  
an  concentration of atoms in condensed phase  
,f k  frequency factor and Boltzmann constant correspondently 
,m n  mass and concentration of disperse particles (cavities, drops, etc) 
cr cr,R m  radius and mass of critical cavity correspondently 
Y  yield strength 
 
2. Mathematical model of fracture 
In general case one has three phases in the irradiated substance: solid, liquid and vapor. Solid and liquid are 
treated as a single condensed phase in order to simplify the problem. Meanwhile, stress deviators are accounted for 
solid, and they are set to zero for liquid, as well as the shear modulus; the phase state (liquid or solid) of a condensed 
substance volume element can be found from a wide-range equation of state with phase boundaries tracking (Fortov 
et al., 1998). Vapor phase includes vapor bubbles, cavities and cracks, which are formed in the condensed phase 
undergoing fracture, although some of cavities are empty due to its small size and low vapor density. From this 
viewpoint the dynamic fracture is non-equilibrium phase transition from condensed phase to vapor. 
Therefore, metal is treated as a two-phase medium which is a singly-connected condensed phase with (or 
without) vapor cavities on the first stage of evolution. On the last stage, after complete fracture, this two-phase 
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medium can be a singly-connected vapor with solid fragments or liquid drops. The condensed phase is a carrying 
agent on the first stage, and it is a disperse phase on the last stage; and vice versa, the vapor is a disperse phase on 
the first stage, and it is a carrying agent on the last stage of evolution. The last stage takes place only for those parts 
of substance, which suffer the complete fracture. Here we describe the model of fracture based on this approach. 
2.1. Substance dynamics 
Dynamics of metal undergoing fracture is dynamics of two-phase medium or mixture of the carrying agent and 
the disperse phase. The multiphase flow approach (Nigmatulin, 1990; Van Wachem and Almstedt, 2003) is used, 
which is applicable if characteristic size of phase heterogeneities is much smaller than the scale of flow. The one-
velocity approximation is also used, which means that both phases move with the same velocity. This velocity is 
determined by stresses in the carrying agent (Nigmatulin, 1990), and the motion equation takes the next form:  
c
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Volume fractions of the carrying agent cD  and the disperse phase dD  can be found from the next equations: 
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where w  is the growth rate of the dispersed phase volume per unit volume of mixture. True densities of phases:  
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where J  is the growth rate of the dispersed phase mass per unit volume of mixture. Change of internal energies is 
governed by the next equations: 
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where Q  is the power of heat exchange between phases per unit volume of mixture; D  is the energy release 
function–the energy output by electron or laser irradiation per unit mass of substance per unit time. 
Equations (2)-(4) can be strictly derived from conservation of volume, mass and energy in a mixture element. 
Functions w , J  and Q  express exchange rates between phases, including phase transition. Construction of the 
fracture model is reduced to determination of these functions and it is considered in the following subsections. One 
should also determine pressure and stress deviators to obtain a closed system of equations. Pressure in each phase is 
connected with its true density and internal energy through the wide-range equation of state (Fortov et al., 1998). 
The elastic-plastic model by Krasnikov et al. (2011) and Mayer et al. (2013) is used to determine the stress deviators 
in the solid phase; this model takes into account the dislocation dynamics and kinetics. 
2.2. Dynamic fracture of melt 
Fracture of liquid is the most simple and we start from this point. Liquid is unstable against the liquid-vapor 
transition at pressure lower than the saturation vapor pressure; it happens when the liquid is expanded or overheated. 
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The vapor pressure can not be less than zero; therefore, liquid at any negative pressure is unstable. Cavitation can 
occur in these conditions, which is formation and growth of vapor cavities. Formation of cavities demands the work 
against the surface tension; so, the liquid can exist as a metastable phase during some time (Skripov, 1974). 
Spherical shape of cavities is preferable due to surface tension; change of its radius in viscous incompressible 
fluid is defined by the Rayleigh-Plesset equation (Brennen, 1995; Kuksin et al., 2010): 
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where the dot on top denotes time derivative, V  is the surface tension coefficient, K  is the melt viscosity. The 
condition of cavity growth is crR R! , where  c r 2 / v lR P PV   is the critical radius. Formation of the critical 
cavity demands the next work:     23c r 1 6 / 3 / v lW P PS V  . Cavities can be nucleated due to thermal fluctuations. 
Such homogenous nucleation is a single opportunity if the liquid is uniform, like the melt of pure metal. The rate of 
homogenous nucleation of critical cavities is determined by the classical expression (Kuksin et al., 2010): 
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where an  is the atoms concentration in the melt; f  is the frequency factor, which is about 
1 4 11 0 sf |  according to 
the molecular dynamics (MD) simulations by Kuksin et al. (2011). The critical work and the nucleation rate (6) 
depend nonlinearly on the surface tension coefficient, which is taken from paper by Lu and Jiang (2005). 
Growth (5) and nucleation (6) can be simultaneous; therefore, all cavities are separated on groups or 
“generations” (Volkov et al., 2010) according to time of its formation: cavities of one generation were nucleated 
during a little time interval. Thus, the exchange rates of volume and mass can be written out as follows: 
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Growth rate of vapor mass in cavity can be obtained (Mayer and Mayer, 2012) from the theory of phase transitions, 
it is not presented here due to the page limitation, as well as the expression for heat exchange Q . 
Growing cavities can coalescence and form a singly-connected vapor phase, which is accompanied by the liquid 
fragmentation on drops–the complete fracture. It is supposed that the complete fracture takes place in a mixture 
element when the volume fraction of vapor ranks over one half. Then the carrying agent and the dispersed phase 
change over in this element, dynamics are described by similar, but slightly different equations. 
2.3. Dynamic fracture of solid 
Fracture of solids at tension is also a phase transition from thermodynamical point of view; voids development 
and forms are more complex due to elastic-plastic properties. Formation of cracks is often predominant because the 
cracks demand less plastic rearrangement of atoms in its vicinity than the spherical voids. Meanwhile, many 
experiments and MD simulations show that the dynamic fracture of solid metals develops through formation and 
growth of spherical voids, like in liquids. Therefore, nucleation and growth of spherical cavities are considered here 
as opposed to our previous models (Mayer and Krasnikov, 2011; Mayer, 2013) dedicated to micro-cracks. Viscous 
dissipation is substituted for plastic dissipation in solid metal. The growth of spherical cavity is governed by 
equation similar to the Rayleigh-Plesset equation (6), but with zero viscosity and with change of surface tension on 
the next sum:  V V c , where V c  is irreversible surface energy spending on the plastic dissipation: 
2 s ig n ( )Y R RV Sc    . Expression for critical radius takes the next form:  c r 2 / 2v sR P P YV S   . 
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Fig. 1. (a), (b) simulation results for uniform tension of the aluminum melt: (a) pressure versus current strain; (b) maximal achieved negative 
pressure (dynamic tensile strength) versus strain rate at deferent temperatures; markers: 1–the experimental result by Ashitkov et al. (2012); 2–the 
MD simulations by Kuksin et al. (2011) for corresponding temperatures; (c) dynamic tensile strength of solid copper versus strain rate at room 
temperature: experimental data for monocrystals 1–by Kanel et al. (2007), 3–by Moshe at al. (2000)  and polycrystals 2–by Kanel et al. (2007), 
4–by Paisley et al. (1992), 9–by Holian (1984), 10–by Moshe et al. (1998), 11–by Kaczkowski and Nam (1987); 5 and 6 are MD simulations by 
Kuksin  et al. (2008) for mono- and polycrystals correspondently; lines 7 and 8 are results of the presented model. 
There are structural defects in solids, such as dislocations, grain boundaries, etc; voids formation in the defective 
regions requires smaller work in comparison with the perfect solid. Supposing that faultiness can be characterized 
by lower surface tension and that difference between current values and the value V  in the perfect solid is 
exponentially distributed with standard deviation V'  the next nucleation rate was derived by Mayer (2013): 
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3. Calculation results and discussion 
The presented equations are solved numerically. Fig. 1 shows results for uniform tension of aluminum melt (a,b) 
and solid copper (c) in comparison with experimental and MD data.  Surface tension for melt is taken from (Lu and 
Jiang, 2005); for solid it is fitted to experimental and MD points, the next parameters are obtained: 21 .7 J /mV   for 
monocrystals and 21 .3 J /mV   for polycrystals, 20 .0 4 J /mV'   in both cases. The negative pressure increases 
with tension at first; then metal loses its strength due to cavitation and the pressure falls (Fig. 1(a)), further tension 
leads to complete fracture with the condensed phase fragmentation on drops; maximal negative pressure is the 
dynamic tensile strength. Homogenous nucleation is dominant in the melt; tensile strength of melt slowly increases 
with the strain rate increase and rapidly decreases with the temperature growth (Fig. 1(b)); meanwhile, the fragments 
size (drops diameter) decreases in inverse proportion to the strain rate: from about 0.1 mm at 105 s–1 down to about 
10 nm at 109 s–1. The case of solid metal is more complex (Fig. 1(c)):  homogenous nucleation is dominant only at 
strain rates above 107-108 s–1, while the voids are nucleated predominantly in defective areas at lower strain rates. 
Spherical cavities becomes ineffective at strain rate below 106 s–1 due to elastic properties of substance and should 
be extruded by cracks like in a brittle or quasi-brittle medium; therefore, at these strain rates the presented model 
deviates from the experimental data as opposed to the crack-based models (Mayer, 2013).  
Modeling of intensive ultra-short electron and laser irradiation of metals shows that fracture near the irradiated 
surface takes place predominantly in the molten state as a volume boiling in the expending heated layer; it leads to 
ablation of substance from irradiated surface in form of drops and vapor, spalled layer of liquid metal is also exists 
like in (Inogamov et al., 2013). Irradiation-induced shock wave can initiate spall fracture near the back surface of 
metal target in the solid state. Both fracture zones can merge if the target thickness is about of the particles range. 
1895 Alexander E. Mayer et al. /  Procedia Materials Science  3 ( 2014 )  1890 – 1895 
4. Conclusions 
Dynamic fracture of solids and liquids at strain rates above 106 s–1 can be considered in the framework of unified 
approach as non-equilibrium phase transition through formation, growth and coalescence of spherical cavities. At 
lower strain rates in solids the micro-cracking should be a general mode of fracture, because the spherical voids 
growth is suppressed by elasticity. The proposed approach accounts enhanced temperature; therefore, it can be 
applied to the problem of intensive electron or laser irradiation. 
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